We propose a statistical mechanical model for colloidal particles suspended in an emulsion of liquid droplets. The particles are modeled as hard spheres. The interaction between droplets is also hard, but the particles are able to penetrate the droplets. A swelling of droplets is taken into account to ensure material conservation of the droplet liquid. Hence the presence of the colloids generates droplet polydispersity. Using computer simulation and liquid state theory, we find that the relative polydispersity exhibits nonmonotonic behavior as a function of the particle packing fraction and can be traced back to hard sphere bulk density fluctuations.
I. INTRODUCTION
Soft matter is divided into many subdisciplines dealing with membranes, polymers, colloidal suspensions, or emulsions. These systems have in common that they exhibit structure on a mesoscopic length scale and that they include many degrees of freedom, so one is usually interested in the average, statistical behavior. Nevertheless, the physical phenomena as well as the methods employed to understand them may differ substantially from, say, polymers to colloidal suspensions. Insight can be gained by investigating systems that bridge such areas. In the present work we investigate the interplay between colloidal suspensions and liquid emulsions.
Suspensions of colloidal particles are mixtures between a molecular solvent and mesoscopic solid particles ͓1͔. The latter are often loosely called ''colloids.'' Apart from effects of gravity like sedimentation, the colloids float in their solvent liquid and interact with each other in similar ways to the interaction of atoms in ''hard'' condensed matter. The important and interesting difference is the large variety of interaction potentials present between colloidal particles. These interactions are effective in the sense that they arise from underlying microscopic mechanisms like van der Waals forces, Coulomb forces, or the Born repulsion. One simple theoretical model for the treatment of these systems is the hard sphere model, namely, a collection of spherical particles that cannot interpenetrate each other. It is the generic model to understand dense fluids and crystalline solids. Surprisingly, it is realized in nature in suspensions of sterically stabilized colloidal particles. By matching the refractive indices of the solvent with the colloid material, it is possible to turn down the van der Waals attraction. The particles are coated with short polymer brushes needed to stabilize the suspension against coagulation of particles. As the polymer brushes are tiny compared to the particle diameter, which is of the order of microns, a repulsive potential emerges that is almost hard-sphere-like. There is also considerable current activity in the field of computer simulations of colloids ͓2͔.
Hard spheres are also considered as a model for the second area we want to cover, namely, liquid emulsions. These are mixtures of two ͑or more͒ liquid phases, one being the continuous phase that contains droplets of the dispersed phase͑s͒. The droplets can be very well controlled to have unique sizes ͓3͔ so that even freezing occurs. Although both dispersed particles and dispersed droplets float in a surrounding liquid, the important difference is that the dispersed objects in emulsions are in the fluid rather than in the solid state.
In the present work, we investigate a mixture of colloidal particles and emulsion droplets; see Fig. 1 for a schematic sketch of the physical situation. Therefore we propose and study a model system. This system is simplified in many respects, but it keeps the freedom for the particles to choose between being dissolved in the continuous phase or within a dispersed droplet. In reality, the surface tensions between the colloid material and both solvents will determine whether the colloids tend to aggregate within or become depleted from the droplets. There is, however, an even more fundamental mechanism based on material conservation that we aim at. As we consider the emulsion on a small time scale, where no coalescence of droplets appears, we are faced with the fact that the amount of the dispersed phase ͑oil͒ and that of the continuous phase ͑water͒ are conserved quantities. These constraints lead to a nontrivial behavior of the droplet sizes. As particles penetrate inside an empty droplet, the droplet size ͑diameter͒ has to grow, in order to keep the oil volume constant. The present work aims at the study of the emerging droplet size distribution, its polydispersity, and the structural correlations present in the system.
There are important phenomena present in emulsions that are neglected within the current approach. Here, we deal only with perfect spherical droplets. Fluctuations of the drop- The study of polydisperse systems, especially polydisperse hard spheres, has attracted a lot of recent interest; see, e.g., ͓10-13͔. In these studies, the distribution of sphere sizes is an input quantity, and the impacts on phenomena like freezing are investigated. In the present work, however, the polydispersity is generated through material conservation and hence is an output quantity.
Our system has two components with hard sphere interactions among like species. However, as our results will show, it is quite dissimilar from a binary additive hard sphere mixture, which has also attracted a lot of recent interest ͑see, e.g., ͓14͔͒. We note that this system has been prepared experimentally using either colloids ͑see, e.g., ͓15͔͒ or binary emulsions ͑see, e.g., ͓16͔͒. Hence, it is conceivable that experimentalists will be able to prepare well-defined mixtures of droplets and colloids, which are the issue of interest of the present work.
In Sec. II the model for colloidal particles suspended in an emulsion is proposed. Then a theoretical approach linking density fluctuations to polydispersity is presented in Sec. III. Various limiting cases are discussed. Section IV explains the Monte Carlo simulation method, and results are given in Sec. V. We finish with concluding remarks in Sec. VI.
II. THE MODEL
We consider a mixture of two components. One component is made of N C monodisperse hard spheres, called colloids, with diameters C and position vectors r C,i , where i ϭ1, . . . ,N C . They interact with a pairwise hard core potential
where r C,i j ϭ͉r C,i Ϫr C, j ͉ is the separation distance between colloids i and j. The second component is constituted of N D droplets with polydisperse diameters D,k , kϭ1, . . . ,N D , and position vectors r D,k . Again, the interaction between droplets is pairwise hard core,
where r D,kl ϭ͉r D,k Ϫr D,l ͉ is the separation distance between droplets k and l. The total system volume is V 0 .
For each set of particle positions ͕r C,i ͖, the droplet radius of the kth droplet at position r D,k is determined by material conservation, expressed as
where ⌰(x) is the Heaviside step function. The diameter of an empty droplet is D . Equation ͑3͒ expresses the fact that the volume of a swollen droplet equals the volume of an empty droplet plus the volume of particles inside the droplet. The latter is expressed as an integration over a function that is unity for space points x that are both inside a particle and inside a droplet, and vanishes otherwise. The total potential energy is
In Fig. 2 the model is sketched. Next we introduce dimensionless quantities that govern the system. The packing fractions of colloids and of droplets are defined as
The third reduced parameter is the size ratio D / C of the diameter of colloids and empty droplets.
III. THEORY
As the droplet size distribution is not prescribed a priori in our model, we have to find means to analyze it. Therefore we will develop a theory for the calculation of the polydispersity of the emulsion. The droplet size distribution is defined by 
where ͑¯͒ denotes a canonical average with the total potential energy given in Eq. ͑4͒.
The polydispersity s is the standard deviation of the droplet size distribution divided by the mean ͑see, e.g., ͓17,18͔͒,
where m i are moments of the droplet size distribution p(),
The calculation of the polydispersity requires knowledge of the moments m 1 and m 2 of the distribution p(). Since in our system the droplet diameter is related ͑via material conservation͒ to the number N of colloids inside the droplet, we shall use this relation to obtain approximate expressions for m 1 and m 2 . Explicitly, material conservation implies
and then
where we have used the identity m k ϭ͗ k ͘. Expressions ͑11͒
and ͑12͒ are exact but difficult to handle since they involve the moments m 3 and m 6 . These moments can be related to m 1 and m 2 if we assume that p() can be approximated by a Gaussian of mean m 1 and standard deviation ͱm 2 Ϫm 1 2 ϭm 1 s. We obtain
which are our final expressions for linking the polydispersity s and the first moment m 1 to the average number of particles in a droplet and its fluctuations. In the following subsection we consider the case of low emulsion density where one can address suitable approximations for the relative fluctuation (͗N
͘Ϫ͗N͘
2 )/͗N͘ and the moment m 1 that will allow us to obtain the polydispersity of the droplets.
A. The limit of low droplet densities
For low droplet densities D →0, the interaction between emulsion droplets can be neglected. The interaction in our system is such that the colloidal particles are undisturbed by the presence of the droplet. Then the colloids form a simple bulk hard sphere system, which is, of course, monodisperse. We can therefore obtain the moment m 1 ͑the mean diameter of the droplets͒ from the following material conservation expression ͓see Eq. ͑3͔͒:
Moreover, if we consider a droplet with volume Vϭ 3 /6 then it is possible to write the fluctuation in the number of colloidal particles inside the droplet as
where C ϭ6 C / C 3 is the number density of the colloid and g CC is the uniform fluid pair distribution function of the colloid. When the size V of the droplets becomes very large, Eq. ͑16͒ can be written in terms of the isothermal compressibility of the colloid T ,
where k B is Boltzmann's constant and T is the temperature of the system. However, for small droplets finite size effects arise ͑see, e.g., Refs. ͓19͔, ͓20͔͒ and one must take into account the limits of integration in Eq. ͑16͒. The procedure for the calculation of Eq. ͑16͒ follows the same basic ideas of Refs. ͓21͔, ͓19͔, ͓20͔. First we write Eq. ͑16͒ in Fourier space,
where Ĝ (k) is the Fourier transform of a geometry function that accounts for the limits of integration ͑it is 1 inside the droplet and zero otherwise͒, and ĥ (k) is the Fourier transform of the total correlation function h(r)ϭg(r)Ϫ1. Then, taking into account that G(r) is a sphere of diameter , we get
On the other hand, we use the Ornstein-Zernike relation for the total correlation function
where ĉ (k) is the Fourier transform of the direct correlation function. For simplicity, we use the Percus-Yevick solution for the direct correlation function since in this case we obtain analytical results for ĥ (k) and the fluctuations ͑18͒. In our system the diameter is not a constant but depends on the number of particles inside the droplet. As an approximation we consider the following effective diameter:
where C accounts for the size of the colloids. From Eq. ͑21͒ we obtain
In summary, the calculation of the polydispersity for the low density case is as follows. First we use Eq. ͑15͒ to obtain m 1 . 
͑23͒
to obtain the polydispersity s.
B. Intermediate and high emulsion densities
For high or intermediate densities of the emulsion, the interaction between droplets cannot be neglected. This interaction has an impact on the colloidal fluid. Thus the effective volume of the droplet used in expression ͑18͒ cannot be calculated as in Eq. ͑15͒, since in this case it depends not only on the mean density of colloidal particles but also on the density of the emulsion droplets. Because of this inhomogeneous character of the density of the colloid, we have not derived theoretical results for the polydispersity.
However, on the basis of the behavior at low density, it is possible to argue about the behavior of the polydispersity at higher emulsion densities. On the one hand, the exclusion interaction between droplets does not allow for the possibility of growth, but, on the other hand, at intermediate and high densities the colloid particles do not allow for the shrinking of the droplets. As a consequence, we expect that the probability distribution p() should become narrow and then the polydispersity should decrease. As we shall see below, this will be confirmed from results of computer simulation. These simulation results indicate that, for a given fixed colloid density, the low emulsion density result provides an upper bound for the polydispersity of the emulsion.
IV. COMPUTER SIMULATION

A. Monte Carlo technique
From a general viewpoint, the simulation handles two coupled systems. One is the emulsion droplet system, which is a polydisperse system of hard spheres of variable diam-
The other is the colloid system, which consists of a standard monodisperse hard sphere system with particles of diameter C . Both, the emulsion droplets and colloidal particles are coupled via the interaction potential ͑4͒.
The simulation runs with a fixed number of emulsion droplets N D and a fixed number of colloidal particles N C . In accordance with the standard Monte Carlo method, one proceeds as follows. First, one particle is randomly chosen ͑it can be either a droplet or a colloid particle͒ and a random displacement is proposed. The test for acceptance or rejection of the move depends on the energy change. As we are dealing with a hard potential, the energy change is either zero ͑if no overlapping situation is reached͒ or infinity ͑when there is an overlap͒. In the former case the state is accepted, in the latter it is rejected. The overlapping states can be reached because of both the simple movement of a particle or the growth of a droplet due to the inclusion of colloidal particles.
After proposing a new position for a droplet or colloid, it is necessary to calculate the new diameters for the droplets in order to test for possible overlapping situations. This is done by means of conservation of both the total amount of material in the droplets and the positions of the centers of the droplets. The growth for the droplets is isotropic with respect to the center of each droplet ͑see Fig. 3͒ .
The algorithm for calculating the new proposed diameter of the droplet is as follows. Let us suppose that a trial move is proposed for the droplet j with diameter D, j and position r D, j , and the proposed position for this droplet is r D, j * . In order to calculate its new diameter D, j * , we solve the equa-
͑24͒
where I is the intersection volume between particle i and the displaced droplet j. The geometrical function I is given for two intersecting spheres with center separation distance r and diameters 1 , 2 ( 1 Ͻ 2 ) by
where the auxiliary function L is the volume of a lenslike shape and is given by
3. Swelling of droplets. If a colloidal particle tries to move ͑arrow͒ inside a droplet, the swelling of the droplet happens against the pressure of the surrounding droplets.
In practice, the terms that actually contribute to the sum over i in Eq. ͑24͒ are selected through a neighbor list.
Once the new diameter is calculated, the next step is to verify whether an overlapping situation is reached. Fig. 4 shows that it is possible to reject a colloid particle displacement because of droplet growth. This is also possible if a droplet is displaced in such a way that its growth leads to an overlap with a neighboring droplet. Then the displacement has to be rejected. Of course, situations in which a colloidal particle can interact with two or even more droplets are possible, and it is necessary to calculate the final diameter of each droplet before testing for droplet overlaps.
B. Simulation details
Several simulations for different values of the parameters
C and D have been performed to obtain the behavior of the polydispersity of the emulsion droplets. In all of the simulations the size ratio is D / C ϭ3. A typical run starts from a face-centered cubic lattice of N D ϭ32 droplets and a given number of colloidal particles N C ranging from 50 to 1000. The number of Monte Carlo steps ͑MCS͒ used to thermalize the system is 10 7 . After that the probability distribution function p() as well as the pair correlation functions are measured during 10 8 MCS. Finally, the polydispersity is calculated by using Eq. ͑8͒.
V. RESULTS
A. Intrinsic polydispersity
The behavior of the probability distribution function p() for several colloid densities C ϭ0.02,0.09,0.32,0.52 is shown in Fig. 5 . We consider the case of infinite dilution of droplets, namely, a system with a single droplet. For large colloid packing fractions, nearly Gaussian behavior for p() emerges. The mean value grows upon increasing C , reflecting the size of a typically swollen droplet. The width of the distribution, however, decreases upon increasing the colloid density from C ϭ0.32 to 0.52. The underlying mechanism is the reduction of bulk hard sphere density fluctuations for the dense colloidal fluid.
The Gaussian picture, however, breaks down for low densities of colloids, C ϭ0.02 and 0.09 ͑see Fig. 6͒ . A humplike shape is still present, but there arise additional spikes. We find that these spikes appear in the distribution when an integer number of particles N in is completely inside the droplet so that no particle intersects with the droplet surface. This
, where N in is an integer or zero. As an explanation for this droplet size distribution, we note that the number of states with one particle inside the droplet ͑proportional to the volume of one sphere of diameter D Ϫ C /2͒ will be greater than the number of states with one particle intersecting the surface of the droplet ͑proportional to the surface of the droplet͒. For higher densities of colloid, the presence of more particles located at the border of the droplet smooths the behavior of the probability distribution. This leads to a highly nontrivial size distribution that consists of finite probabilities at discrete diameter values with a superimposed continuous probability density that interpolates between the spikes. In order to condense the information, we study the width of the distribution as a function of the thermodynamic parameters. Figure 7 shows the simulation results for the polydispersity versus the packing fraction of the colloid. Circles correspond to the case of one emulsion droplet in the system, squares and diamonds correspond, respectively, to packing fractions of the emulsion droplets D ϭ0.45 and D ϭ0.53.
We observe that the case of low emulsion densities is an upper bound for the polydispersity. Its behavior is as follows. All points start from the value zero that corresponds to a monodisperse emulsion. As the density increases, more colloidal particles are added to the system and, as a consequence of that, the polydispersity increases up to a maximum value. When still more colloid particles are added, the polydispersity decreases since the colloid system approaches a dense liquid or even solid phase, and fluctuations in the number of particles inside a droplet decrease. We have found that, as the density of the emulsion increases, it is not possible to reach high colloid densities. This is due to the exclusion interaction for the droplets since the more colloid is added, the bigger the emulsion droplets become, and it is even possible to freeze the emulsion.
Solid and dashed lines in Fig. 7 represent the theoretical results obtained from Eqs. ͑18͒ and ͑17͒, respectively. Note that our incorporation of finite size effects improves on the result for the thermodynamic limit. We get good agreement for the case of low emulsion density. Differences between simulation results and results obtained by using Eqs. ͑18͒ and ͑23͒ have a different origin depending on the colloid density. For low colloid densities, our Gaussian approximation for p() breaks down ͑see Fig. 6 .͒ For the high colloid density case, deviations arise partly because of the PercusYevick form of the total correlation function in Eq. ͑18͒ and mainly because the volume V in Eq. ͑18͒ is approximated by that of a sphere of the mean diameter of the droplets.
B. Structural correlations
As the system has two components, one can investigate three different static pair distributions. First, we discuss the symmetric correlations g CC (r) between colloidal pairs and g DD (r) between droplet pairs ͑see Fig. 8͒ . The packing fraction of the droplets is high, D ϭ0.452, and there are three cases of particle packing fractions shown, namely, C ϭ0.026,0.209,0.314. The behavior of the colloids is similar to that of monodisperse hard spheres, except for a slight shift of the second peak toward larger distances compared to the one-component system. The droplet behavior is also hardsphere-like but the intrinsic polydispersity washes out the first peak. At the largest values of C ϭ0.314, the droplet subsystem is found to be in a crystalline state.
A quite different behavior is found for the asymmetric correlations between pairs of one particle and one droplet, g CD (r), Fig. 9 . This distribution function can be regarded as the density profile of particles inside ͑and around͒ a fixed droplet. Of course, it also has the meaning of the density profile of droplets around a fixed particle. There are weak oscillations inside one droplet radius, which become rapidly damped outside. The amplitude of the oscillations is tiny, even at the highest packing fraction considered. The behavior is dissimilar from that of a hard sphere fluid inside a hard cavity ͓22-25͔, where much stronger structure emerges.
To illustrate our findings we show snapshots generated from the simulation. In Fig. 10 the high density droplet liquid phase containing few particles is shown. By adding more particles, freezing of the droplet system occurs, Fig. 11 . The bare droplet packing fraction of D ϭ0.452 is well inside the fluid branch of the hard sphere phase diagram. The swollen droplets, however, build a nearly close-packed face-centered cubic crystal.
VI. CONCLUSIONS
A model for the behavior of emulsions in the presence of colloidal particles has been proposed. It describes colloids as monodisperse hard spheres and emulsion droplets as polydisperse hard spheres. Migration of colloids into and out of the droplets is allowed. The droplet size distribution is not assumed a priori, but evolves self-consistently. Therefore interactions between colloidal particles and emulsion droplets are taken into account so that conservation of the emulsion droplet material is fulfilled. Then the exclusion rule of hard spheres drives the droplet size distribution. We show that this distribution has quite a rich structure, ranging from multispike to Gaussian behavior. By means of the study of the size dependent fluctuations in the number of particles located inside the droplets, we found an upper bound for the polydispersity of the emulsion.
Concerning future work, we remark that the present model may be readily generalized to account for nonvanishing surface tensions. In general, there are three surface tensions between the three materials, colloid, oil, and water. Within the current approach, the surfaces themselves are given geometrically by intersections of spheres. Hence one can take into account the potential energy that comes from the presence of these interfaces. By tuning the surface tensions, one then has additional control over the colloidal tendency to aggregate inside droplets.
